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1. INTRODUCTION 
The Kaluza-Klein theory [1-3] has been one of the first attempts to unify two of the fundamental 
forces in nature, the gravitational and the electromagnetic one. It was based on a five-dimensional 
spacetime, rather than a four-dimensional one as in the Einstein's general relativity, equipped with 
a Lorentzian metric which takes into account both the gravitational nd the electromagnetic f elds. 
The geodesics for the Kaluza-Klein manifolds are interpreted as trajectory of test particles with 
or without charge. The Kaluza-Klein procedure to consider higher-dimensional spaces has been 
successively extended to consider nontrivial bundles and dimensions more than five. Moreover, the 
big impetus to consider high-dimensional models as in string theory led to further developments 
of generalized Kaluza-Klein theories. We refer to the papers [4,5] for generalizations of the 
classical Kaluza-Klein theories and to the review paper [6] for more recent generalizations and 
applications. However, to our knowledge the globM and the causal properties of Kaluza-Klein 
spacetimes, even in the classical case, has not been investigated. In this note, we shall present he 
results of [7], where the causal properties of standard Kaluza-Klein spacetimes are studied and 
some application to the relativistic Lorentz equation are obtained. In particular, we state that 
if the four-dimensional base spacetime is globally hyperbolic, then the fifth-dimensional standard 
Kaluza-Klein spacetimes associated are globally hyperbolic, too. The global hyperbolicity of a 
spacetime is a basic assumption for the study of Cauchy problems in general relativity, see [8]. 
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2. KALUZA-KLE IN  METRICS  
Let (A/t, g) be a smooth  four-dimensional Lorentzian mani fo ld and  let ~ be a smooth  1-form 
on  M.  The  Kaluza-Kle in metric k associated to the triplet (A4,g ,w)  is defined on  M = A4  × I~ 
as follows: 
k(z) [(~, 7), (~', 7')] = g(z) [~, ~'] + (7 + w(z)[~]) (7' + w(z) [4']), (2.1) 
for all z ~- (z,y) E M, and for all (4,7), ((',7') C TzM - TzAA x ]~. The quadratic form 
associated to the bilinear form (2.1) is then given by 
k(z)[((, 7), ((, 7)] = g(z)[(, ¢] + (7 + w(z)[(]) 2. (2.2) 
It is not difficult to show, see for instance [3,7], that the covariant ensor field k is symmetric, 
nondegenerate and it defines a Lorentzian metric on M. We shall call (M, k) as the Kaluza-Klein 
manifold associated to the spacetime (A/t, g) and to the 1-form a~. 
In the classical theory, the Kaluza-Klein manifolds are defined as five-dimensional fiber bun- 
dles M = A,i z N on the base spacetime (A/[,g) with trivial one-dimensional fiber N, so 
that N -- ]~ or the unit circle S 1. Both the compact and noncompact fibers have a physical 
interest, see [6]. We shall state the results below for Kaluza-Klein metrics with noncompact 
fiber N = JR, because of their applications to the Lorentz equation, see [7]. However, all the 
results still hold choosing the compact fiber S 1. 
The Kaluza-Klein manifold (M, k) inherits many of the causal properties of the base space- 
time (AA, g). If the base manifold (A/f, g) is time-oriented (respectively strongly causal), then 
the Kaluza-Klein manifold (M, k) is time-oriented (respectively, strongly causal), too. Indeed 
if V(z) is a continuous timelike vector field for (A/I, g), then the vector field V(z) = V + w[V]Y 
is a continuous timelike vector field for (M, k) (see [7]), where V is a lifting of V to M and Y(z) 
is the smooth vector field on M defined as the partial derivative 0~ with respect o the coor- 
dinate y on the fiber ]~. Since for any z = (z,y) E M the tangent space TzM is isomorphic 
to TzA/i x ~, it is 12(z, y) = (V(z), 0) and Y(z) = (0, 1). Moreover, since by (2.2) any causal 
curve on (M, k) projects onto a causal curve on (A/t, g), it easily follows that if T(z) :A/[ --~ R 
is a continuous time function, see [9], for the base manifold, then the function T(z) : M --~ 
defined setting T(z) = T(z, y) = T(z) is a time function for (M, k). But the main result about 
the causal properties of a Kaluza-Klein manifold is about global hyperbolicity. 
THEOREM 2.1. Let (A4, g) be a globally hyperbolic spacetime, then for any 1-form w on M, the 
Kaluza-Klein manifold (M, k, w) is globally hyperbolic. 
The proof is contained in [7] and it consists to show that if the spacetime (A4, g) admits a 
Cauchy surface 8, then the Kaluza-Klein manifold (M, k) admits $ x ]~ as a Cauchy surface. As 
a corollary of Theorem 2.1 and of the classical Avez-Seifert theorem [10,11] on causal geodesics on 
globally hyperbolic spacetimes, we immediately deduce the following result on causal geodesics 
on Kaluza-Klein manifolds. 
COROLLARY 2.2. Let (A4,g) a globally hyperbolic spacetime, let w be a one form on A4 and 
let (M, k, w) be the Kaluza-Klein manifold associated with the triplet (A4, g, w). Then for any 
couple of causally related points P and Q on M, there exists a causal geodesic for the metric k 
connecting P and Q. 
3. KALUZA-KLE IN  GEODESICS  AND 
THE RELAT IV IST IC  L ( )RENTZ EQUATION 
In this section, we present some application of the results presented in the previous section 
to the solutions of the relativistic Lorentz equation. The basic unifying property of geodesics 
of standard Kaluza-Klein manifolds is that their projection on the base manifold are solutions 
of the Lorentz equation for an electromagnetic f eld admitting a vector potential. We recall 
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that; in general relativity an electromagnetic system is described by a quadruplet (J~¢/, g, F, Y), 
where (A/t, g) is a smooth, connected, four-dimensional spacetime, F is a smooth 2-form repre- 
senting the electromagnetic f eld, often called Faraday tensor and Y is a smooth 1-form on A// 
called eharge-current density, see [12]. The Maxwell equations atisfied by the electromagnetic 
field F are dF  = 0 and dF* = 4~Y*, where * denoted the Hodge operator between differential 
forms on A4, so that F* is a 4 - 2 = 2-form and dF*, J* are 3-forms on A/~. In particular, 
the equation dF  = 0 means that the Faraday tensor F is .a closed two form. Whenever F is 
also an exact 2-form, there exists a 1-form w on A//, such that dw = F. The 1-form w is said 
to be a potential for F and it is defined up to a gradient of a smooth function on AJ. The 
Lorentz force associated to the electromagnetic f eld F is the map F on the tangent bundle TA// 
defined for any z e ~// as _P(z):TzA/l ~ Tz~/i and g(z)[v, F(z)[w]] = F(z)[v,w]. Thus, for ev- 
ery z E A//, F(z)  is a linear map on T~A// and, in local coordinates, the components of _P are 
given by ~') = gikFky, where gik is the inverse matrix of the metric tensor g~j. The Lorentz 
equations governing the motion of a test particle with charge q are 
: (3 .1 )  
where Ds~ is the covariant derivative of i along z(s) associated to the Levi-Civita connection. 
The causal character of a solution of (3.1) is well defined, since for any solution z(s) of (3.1), 
the quantity E(z) = g(z(s))[~(s),2(s)] is a constant with respect o s. Clearly, only timelike 
solutions of (3.1) have physical meaning in the general relativistic setting. In the case of an exact 
electromagnetic f eld, the solutions of (3.1) are strictly related to the geodesics of a Kaluza-Klein 
spacetime. Let CA/f, g) be a spacetime, let F be an exact 2-form on A~ and let w be a potential 
for F. So we can define the Kaluza-Klein manifold (M, k) associated to the triplet (A/t, g, w) as 
in Section 2. The geodesics for the Kaluza-Klein metric satisfies the Euler-Lagrange quations 
of the action functional I(z) = (1/2) f k(z)[i, ~] ds on the space of the piecewise smooth curves 
joining two points P and Q on M. The Euler-Lagrange for a stationary curve z(s) = (z(s), y(s)) 
are the following: 
D~ = (y + ~(z) [~])/~(z) [~], 
d 
as (y + w(z) [~]) = o. (3.2) 
From the second equation of (3.2) we see that y + w(z)[~] -- q0 is a constant. This comes from 
the fact that the vector field Y = Oy -- (0, 1) is a Killing vector field (the so-called cylinder 
condition, see [6]) on the Kaluza-Klein manifold (M,k) ,  so q0 -- 3 + w(z)[~] = k(z)[2,Y(z)] is 
a constant along the geodesic z. On the other hand, the first equation of (3.2) implies that the 
projection z(s) on the base manifold A4 of the Kaluza-Klein geodesic z(s) is a geodesic for the 
spacetime (A//, g) if q0 = 0, otherwise it solves the Lorentz equation (3.1) with charge q0 ~ 0 (in 
other words, the charge of the test particle depends on the solution). 
As an application of Corollary 2.2 we state the following version of the Avez-Seifert heorem 
for the Lorentz equation (3.1). 
THF, OREM 3.1. Let ( ~l, g) be a globally hyperbolic spacetime, let F be an exact electromagnetic 
field on A/i and let P, Q be two chronologically related points on M, that is they are joined 
by at least a timelike curve. Then there exists a timelike solution of the relativistic Lorentz 
equation (3.1) joining P and Q. 
The proof of the theorem above is contained in [,7] and it is based on Theorem 2.1 and Corol- 
lary 2.2. We give a sketch of the proof. The two chronologically related points P and Q can 
be lifted to two chronologically related points P and Q on the Kaluza-Klein manifold (M, k). 
The Avez-Seifert Theorem 2.2 implies the existence of a timelike geodesic z joining P and Q. 
Unfortunately, the projection of z on the base manifold AA could be a geodesic for (A/f, g), be- 
cause the charge q0 = k(z)[i, Y(z)] could be equal to 0. On the other hand, the chronologically 
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related points P and Q can be slightly perturbed to obtain two chronologically related points P~ 
and Q~ projecting again on the base manifold M on the points P and Q and such that the 
charge q~ = k(z')[~', Y(z')] associated to the timelike geodesic z' joining P '  and Q' is different 
from 0. Then the projection of z' satisfies the Lorentz equation (3.1) with charge q~. Finally, 
a rescaling argument allow to find a solution for any value of the charge. In the proof of the 
existence of such points pr and Q~, the following lemma, proved in [7], plays a basic role. Such 
a lemma seems to be of its own independent interest owards further extensions of the results 
above. 
LEMMA 3.2. Let (AA,g) be a globally hyperbofic spacetime, let w be a 1-form on JM, let P, 
Q two chronologically related points on A4 and let T(P,  Q) be the set of the piecewise smooth 
timelike, future pointing curves joining P and Q, parameterized on an interval [a, b]. Then 
sup~e~-(p,Q ) f :  w(z)[~] ds < +co. 
We conclude this note with some open problems. First, it is not clear if the Avez-Seifert 
Theorem 3.1 holds for a nonexact electromagnetic f eld, for which the Kaluza-Klein scheme does 
not seem to work globally. Other open problems are related to the study of the spectral flow 
of the linearized equation of (3.1). Finally, it would be worthwhile to study the causal and the 
global properties of spacetimes involved in generalized Kaluza-Klein theories, according to the 
extensions of the theory to nontrivial bundles and to higher dimensions [4-6]. 
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